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Instructor: Milica Čudina

Notes: This is a closed book and closed notes exam. The maximum number of points on this
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Time: 50 minutes

Problem 1.1. (5 points) Two scales are used to measure the mass m of a precious stone. The first
scale makes an error in measurement which we model by a normally distributed random variable
with mean µ1 = 0 and standard deviation σ1 = 0.04m. The second scale is more accurate. We
model its error by a normal random variable with mean µ2 = 0 and standard deviation σ2 = 0.03m.

We assume that the measurements made using the two different scales are independent.
To get our final estimate of the mass of the stone, we take the average of the two results from

the two different scales.
What is the probability that the value we get is within 0.005m of the actual mass of the stone?

Solution: Let us denote the random variable modeling the error from the first scale by X1 ∼
N(0, σ2

1) and the random variable modeling the error from the second scale by X2 ∼ N(0, σ2
2).

Then, if Y denotes the average of the two measurements, we have that

Y =
1

2
(X1 +X2) ∼ N(0,

1

4
(σ2

1 + σ2
2)),

i.e.,

Y ∼ N(0, σ2)

with

σ2 =
1

4
(σ2

1 + σ2
2) =

1

4
(0.042m2 + 0.032m2) =

1

4
· 0.012m2(42 + 32) =

1

4
0.052m2 =

(
0.05m

2

)2

.

The probability we are looking for can be expressed as
P[Y ∈ (−0.005m, 0.005m)] = P[−0.005m < Y < 0.005m]

= P[−2 · 0.005m
0.05m

<
Y

σ
<

2 · 0.005m
0.05m

]

= P[−0.2 <
Y

σ
< 0.2].

Since Y
σ
∼ N(0, 1), the above probability equals

2Φ(0.2)− 1 ≈ 2 · 0.57926− 1 ≈ 0.16.
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Problem 1.2. (5 points) Netflix is considering a cartoon series. When the production of two
seasons is fully funded at time−0 the project has a net present value of 400,000.

The decision tree below shows the cash flows of the series when the promotion at the beginning
of the Year 1 (i.e., at t = 0) is only partial with an option to provide different amounts of funding
at the beginning of Year 2 (i.e., at t = 1) depending on how well the first season did.

This tree reflects two possible receptions of the two seasons at each information node (G = good,
B = bad). The probability of the series being a success is given to be 2/3 and the probability of
it being merely watchable is 1/3.

Assume the interest rate is 0%.
Find the initial (i.e., at t = 0) value of the option to fund partially.

−30,000

Fund Partially

400,000

Fund Fully

500,000

G

105,000

B

−180,000

−120,000

−90,000

0

690,000

G

210,000

B

180,000

G

45,000

B

135,000

G

30,000

B

60,000

G

0

B

Initial Fund Year 1 Additional Year 2

Solution: As usual, when pricing options, we are moving backwards through the tree.
• In the uppermost final information node, the possible cashflows are 690,000 with probability
2/3 and 210,000 with probability 1/3. So, the value of the project at that node equals

690000

(
1

3

)
+ 210000

(
1

3

)
= 530000.

• In the second-by-height final information node, the possible cashflows are 180,000 with
probability 1/3 and 45,000 with probability 1/3. So, the value of the project at that node
equals

180000

(
2

3

)
+ 45000

(
1

3

)
= 135000.
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• In the third-by-height final information node, the possible cashflows are 135,000 with prob-
ability 2/3 and 30,000 with probability 1/3. So, the value of the project at that node
equals

135000

(
2

3

)
+ 30000

(
1

3

)
= 100000.

• In the lowest final information node, the possible cashflows are 60,000 with probability 2/3
and 0 with probability 1/3. So, the value of the project at that node equals

60000

(
2

3

)
= 40000.

We continue working backwards, at the upper decision node at the end of Year 1, we can go
”up” or ”down” in the tree.

• We go ”up” by investing 180,000; combining this cashflow with the average revenue at the
uppermost final node, we get the total effect of going ”up” to be

530000− 180000 = 350000.

• We go ”down” by investing 120,000; combining this cashflow with the average revenue at
the second-by-height final node, we get the total effect of going ”down” to be

135000− 120000 = 15000.

Comparing the two values we obtained, we conclude that the optimal decision at this node is to
go ”up” and we keep the value of this project at this node to be

350000 + 500000 = 850000.

Here, we took into account that the first season was a success resulting in 500,000 in revenue in
Year 1.

Similarly, at the lower decision node at the end of Year 1, we can go ”up” or ”down” in the
tree.

• We go ”up” by investing 90,000; combining this cashflow with the average revenue at the
third-by-height final node, we get the total effect of going ”up” to be

100000− 90000 = 10000.

• We go ”down” by investing nothing; so, the total effect of going ”down” is 40000. Com-
paring the two values we obtained, we conclude that the optimal decision at this node is
to go ”down” and we keep the value of this project at this node to be

40000 + 105000 = 145000.

Here, we took into account that the first season was ”meh” resulting in 145,000 in revenue
in Year 1.

Altogether, at the information node corresponding to Year 1, we have that the expected
value of the project is

850000

(
2

3

)
+ 145000

(
1

3

)
= 615000.
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Now, we take into account that we funded the series partially with 30,000. So, the total expected
present value of the cashflows we get should we decide to fund partially is

615000− 30000 = 585000

The total value of the option is
585000− 400000 = 185000.

Note: I know that the numbers are ridiculous. My aim was to make them so that it’s easy to
calculate with and write, not so that they are realistic.

Problem 1.3. (10 points) Assume that Y1 = eX where X is a standard normal random variable.
(i) (2 points) What is the probability that Y1 exceeds 5?
(ii) (3 + 5 points) Find the mean and the variance of Y1.

Hint: It helps if you use the expression for the moment generating function of a standard
normal random variable.

Solution:
(i)

P[Y1 > 5] = P[eX > 5] = P[X > ln(5)] = 1−N(ln(5)) ≈ 1−N(1.61) = 1− 0.9463 = 0.0537.

(ii)

E[Y1] = E[eX ] = E[e1·X ] = MX(1)

where MX denotes the moment generating function of X. In class, we recalled the following
expression for MX :

MX(t) = et
2/2.

So, E[Y1] = e1/2 =
√
e.

The second moment of Y1 is obtained similarly as

E[Y 2
1 ] = E[e2·X ] = MX(2) = e2.

So,

V ar[Y1] = E[Y 2
1 ]− (E[Y1])

2 = e2 − e = e(e− 1).

Problem 1.4. (10 points) Let the stock prices be modeled using the lognormal distribution. The
mean stock price at time−1 equals 120 and the median stock price 115. What is the probability
that the time−1 stock price exceeds 100?

Solution: The stock price at time−1 is lognormally distributed. In fact, using our usual
parameters, we can rewrite it as

S(1) = S(0)e(α−δ− 1
2
σ2)+σZ(1).
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Recall that the median of S(1) equals S(0)e(α−δ− 1
2
σ2). So, the required probability can be expressed

as

P[S(1) > 100] = P[115eσZ(1) > 100] = P
[
Z(1) >

1

σ
ln

(
100

115

)]
= P

[
Z(1) <

1

σ
ln

(
115

100

)]
= N

(
1

σ
ln

(
115

100

))
.

Since the mean of S(1) equals S(0)e(α−δ), we have

e
1
2
σ2

=
120

115
⇒ σ =

√
2 ln(1.04348) = 0.2918.

So, our final answer is
P[S(1) > 100] = N(0.48) = 0.6844.

Problem 1.5. (5 points) Assume the Black-Scholes model. The initial price of a continuous-
dividend-paying stock is $100. Its dividend yield is 0.03 and its volatility is 0.15. According to
your model, the mean rate of return is 0.08.

The continuously compounded risk-free interest rate is 0.04.
Calculate the probability that the realized return for the time period [0, 2] exceeds 0.06.

Solution: In our usual notation, the realized returns are normally distributed as

R(0, t) ∼ Normal(mean = (α− δ − σ2

2
)t, variance = σ2t).

In the present problem, we are focused on

R(0, 2) ∼ Normal(mean = (0.08− 0.03− (0.15)2

2
)(2) = 0.0775, variance = (0.15)2(2) = 0.045).

Finally, we calculate

P[R(0, 2) > 0.06] = P
[
R(0, 2)− 0.0775√

0.045
>

0.06− 0.0775√
0.045

]
= P[Z > −0.08] = N(0.08) = 0.5319.

Problem 1.6. (5 points) Assume the Black-Scholes model. Consider a non-dividend-paying stock
with the intial stock price of $100 and volatility equal to 0.30. According to your model, the stock’s
mean rate of return is 0.10. Find

E[S(1)I[S(1)≥105]].

Solution: According to the work done in class,

E[S(1)I[S(1)≥105]] = E[S(1)]N(d̂1)

where

d̂1 =
1

σ
√
1

[
ln

(
100

105

)
+

(
0.10 +

(0.3)2

2

)
(1)

]
≈ 0.32.
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So,
E[S(1)I[S(1)≥105]] = 100e0.10N(0.32) = 69.12844.

Problem 1.7. (5 pts) Consider a non-dividend-paying stock currently priced at $100 per share.
The price of this stock in one year is modeled using a one-period binomial tree under the

assumption that the stock price can either go up to 110 or down to 90.
Let the continuously compounded risk-free interest rate equal 0.04. What is the risk-neutral

probability of the stock price going up?
(a) About 0.2969
(b) About 0.3039
(c) About 0.5000
(d) About 0.7041
(e) None of the above.

Solution: (d)

p∗ =
100e0.04 − 90

110− 90
= 0.7041.

Problem 1.8. (5 points) The current stock price is 40 per share. The price at the end of a
three-month period is modeled with a one-period binomial tree so that the stock price can either
increase by $10, or decrease by $4. The stock pays dividends continuously with the dividend yield
0.04.

The continuously compounded risk-free interest rate is 0.05.
What is the stock investment in a replicating portfolio for three-month, $40-strike European

straddle on the above stock?
(a) Long 0.42 shares
(b) Long 0.71 shares
(c) Short 0.71 shares
(d) Short 0.42 shares
(e) None of the above.

Solution: (a)
In our usual notation,

∆ = e−δh Vu − Vd

Su − Sd

= e−0.04/4

(
10− 4

14

)
≈ 0.4243

Problem 1.9. The following relates to one share of XYZ stock:
• The current price is 80.
• The forward price for delivery in two years is 88.
• An investor who decides to long the forward contract denotes by P the expected stock

price in two years.
Determine which of the following statements about P is TRUE.
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(a) P < 80
(b) P = 80
(c) 80 < P < 88
(d) P = 88
(e) P > 88

Solution: (e)
Since the investor decided to long the forward contract, the payoff/profit will be

S(T )− 88

where S(T ) denotes the stock price on the delivery date T . The reason the investor chose to long
the forward was the belief that the expected profit would be positive, i.e.,

E[S(T )] = P > 88.

Problem 1.10. The current futures price is given to be $80. The evolution of this futures price
over the following year is modeled using a two-period binomial tree such that the ratio of the up
factor to the down factor equals 4/3. Moreover, you are given that the risk-neutral probability of
an up movement in the tree in any single step equals 1/3.

The continuously compounded risk-free interest rate is 0.05.
What is the price of a one-year, $85-strike European put option on the above futures contract

consistent with our model?
(a) About $2.24.
(b) About $8.12.
(c) About $8.54.
(d) About $8.98.
(e) None of the above.

Solution: (c)
We are given that, in our usual notation,

uF/dF = 4/3 and p∗ =
1− dF
uF − dF

= 1/3.

So, uF = 1.2 and dF = 0.9. Hence, the possible futures prices at the end of the two periods are
Fuu = 80× (1.2)2 = 115.20, Fud = 86.4, Fdd = 64.8

Finally, the put-price is
VP (0) = e−0.05 × (2/3)2 × (85− 64.8) = 8.54

Problem 1.11. The current exchange rate is given to be $1.11 per Euro and its volatility is given
to be 0.16. The continuously compounded risk-free interest rate for the US dollar is 0.02, while
the continuously compounded risk-free interest rate for the Euro equals 0.04.

The evolution of the exchange rate over the following nine-months is modeled using a three-
period forward binomial tree. What is the value of the so-called up factor in the above tree?

(a) u ≈ 1.0779
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(b) u ≈ 1.0887
(c) u ≈ 1.1503
(d) u ≈ 1.1972
(e) None of the above.

Solution: (a) In the forward binomial tree, the up and down factors are given as

u = e(0.02−0.04)×0.25+0.16×
√
0.25 = 1.0779

d = e(0.02−0.04)×0.25−0.16×
√
0.25 = 0.9185.

Problem 1.12. (5 points) A discrete-dividend-paying stock sells today for $100 per share. The
continuously compounded, risk-free interest rate is 0.04. The first dividend will be paid at in three
months in the amount of $2. The remaining dividends will be equal to $1 and continue to be paid
out quarterly. What is the forward price of this stock for delivery in seven months?

(a) $73.02
(b) $97.04
(c) $99.33
(d) $100
(e) None of the above.

Solution: The correct answer is (c).

F P
0,7/12(S) = 100− 2e−0.01 − 1e−0.02 = 97.0397.

So,
(1.1) F0,7/12(S) = 97.0397e0.04(7/12) = 99.3306.

Problem 1.13. The current price of a non-dividend-paying stock is $50 per share. You observe
that the price of a three-month, at-the-money American call option on this stock equals $3.50.

The continuously compounded risk-free interest rate is 0.04.
Find the premium of the European three-month, at-the-money put option on the same under-

lying asset.
(a) About $3
(b) About $3.50
(c) About $4
(d) About $5.46
(e) None of the above.

Solution: (a)
Recall that the price of an American call on a non-dividend-paying stock equals the price of the
otherwise identical European call option. So, put-call parity yields

VP (0) = VC(0) +Ke−rT − S(0) = 3.50− 50(e−0.01 − 1) = 3.0025.
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Problem 1.14. (5 points) Let a portfolio consist of the following European options on the same
underlying asset with the same exercise date in one year:

• one long $100-strike call whose current price is $10.66, and
• two short $150-strike puts whose current price is $46.89.

Let the continuously compounded, risk-free interest rate be equal to 0.04. What is the break-even
point of this portfolio?

(a) 0
(b) 104.50
(c) 133.45
(d) 150
(e) None of the above.

Solution: (b)
The total initial cost of this porfolio is

10.66− 2(46.89) = −83.12.

The payoff function for this portfolio is
v(s) = (s− 100)+ − 2(150− s)+

Hence, the profit function is

(s− 100)+ − 2(150− s)+ + 83.12e0.04

The profit curve looks like this

50 100 150 200 250

-200

-100

100

200

The break-even point is in the interval of final asset prices where all the options are in-the-money,
i.e., between 100 and 150. We have to solve for s in

(s− 100)+ − 2(150− s)+ + 83.12e0.04 = 0
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for 100 < s < 150. The linear equation we get is

(s− 100)− 2(150− s) + 83.12e0.04 = 0 ⇒ 3s = 313.4878 ⇒ s = 104.4959

Problem 1.15. (5 points) The current price of a continuous-dividend-paying stock is $80 per
share. Its dividend yield is 0.01. You observe the following prices of European options on this
stock:

• the price of a half-year, $78-strike call option equals $6.35;
• the price of a half-year, $78-strike put option equals $3.59.

What is the value of the continuously compounded, risk-free interest rate implied by these option
prices?

(a) 0.02
(b) 0.025
(c) 0.03
(d) 0.035
(e) None of the above.

Solution: (c)
In our usual notation, by put-call parity, we have

VC(0)− VP (0) = F P
0,T (S)− PV0,T (K) = S(0)e−δT −Ke−rT .

So,

6.35− 3.59 = 80e−0.01(1/2) − 78e−r(1/2) ⇒ 78e−r/2 = 80e−0.005 − 2.76 = 76.841.

We get

r = −2 ln

(
76.841

78

)
= 0.02994.

Problem 1.16. (5 points) Let the current price of a particular continuous-dividend-paying stock
be $100 per share. Its dividend yield is 0.02. We model the evolution of the stock price over the
following four-month time-horizon using a two-period binomial tree such that over a single period
the stock can either increase by 2% or decrease by 1%.

Let the continuously compounded, risk-free interest rate be 0.04.
What is the price today of a $100-strike, four-month American call option on this stock?

(a) About $1.27
(b) About $1.55
(c) About $1.63
(d) About $1.72
(e) None of the above.
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Solution: (a)
We can calculate the risk-neutral probability as

p∗ =
e(r−δ)h − d

u− d
=

e(0.04−0.02)/6 − 0.99

1.02− 0.99
= 0.4446.

You should store this value in your calculator’s memory. The tree looks like this:

The possible payoffs should the option be held onto until the expiration date are
Vuu = 104.04− 100 = 4.04, Vud = 100.98− 100 = 0.98, Vdd = 0.

The continuation value at the up node is
CVu = e−0.04/6(4.04p∗ + 0.98(1− p∗)) = 2.325015.

The value of immediate exercise at the same node is IEu = 102− 100 = 2. So, the American call
is worth V A

u = 2.325015, and it’s optimal not to exercise early at this node.
At the down node, the continuation value is

CVd = e−0.04/6(0.98p∗) = 0.432842.

The option is evidently out-of-the-money at that node. So, the American call is worth its contin-
uation value.

Finally, at the root node, we obtain
V A
C (0) = e−0.04/6(2.325015p∗ + 0.432842(1− p∗)) = 1.265692.

Problem 1.17. (5 points) You toss a fair coin 5000 times. What is the approximate probability
that you see heads strictly more than 2560 times? There is no need to use the continuity correction.

(a) 0.0446
(b) 0.0287
(c) 0.0256
(d) 0.0016
(e) None of the above.
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Solution: (a)
The number of heads is X ∼ Binomial(n = 5000, p = 0.5). Evidently, we can use the normal
approximation to the binomial. We have

µX = E[X] = 2500 and σX = 35.35534.

The probability we are seeking is

P[X > 2560] ≈ 1−N

(
2560− 2500

35.35534

)
≈ 1−N(1.70) = 1− 0.9554 = 0.0446.

Problem 1.18. (5 points) Let the current price of a continuous-dividend-paying stock be denoted
by S(0). We model the time−T stock price as lognormal. The mean rate of return on the stock is
0.10, its dividend yield is 0.01, and its volatility is 0.20. The continuously compounded risk-free
interest rate is 0.03. You invest in one share of stock at time−0. and simultaneously deposit
an amount φS(0) in a savings account. Assume continuous and immediate reinvestment of all
dividends in the same stock. What should the proportion φ be so that the VaR at the level 0.05
of your total wealth at time−1 equals today’s stock price S(0)?

(a) φ = 0.0573
(b) φ = 0.1966
(c) φ = 0.2139
(d) φ = 0.5
(e) None of the above.

Solution: (c)
The total wealth at time−1 is equal to eδS(1) + φS(0)er. So, our condition on the VaR is

P[eδS(1) + φS(0)er < S(0)] = 0.05.

The above is equivalent to

P[S(0)eα−
σ2

2
+σZ + φS(0)er < S(0)] = 0.05

with Z ∼ N(0, 1). We have that the above is, in turn, equivalent to

P[eα−
σ2

2
+σZ + φer < 1] = 0.05.

The constant z∗ such that P[Z < z∗] = 0.05 equals −1.645. Therefore,

eα−
σ2

2
+σ(−1.645) + φer = 1.

So,

φ = e−r
(
1− eα−

σ2

2
+σ(−1.645)

)
= e−0.03

(
1− e0.10−

(0.2)2

2
+0.2(−1.645)

)
= 0.2139.

Problem 1.19. (5 pts) Let the stochastic process S = {S(t); t ≥ 0} denote the stock price. The
stock’s rate of appreciation is 10% while its volatility is 0.30 Then,

(a) V ar[ln(S(t))] = 0.3t

(b) V ar[ln(S(t))] = 0.09t2
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(c) V ar[ln(S(t))] = 0.09t

(d) V ar[ln(S(t))] = 0.09

(e) None of the above.
Solution: (c)
The random variable S(t) is lognormal so that the random variable ln(S(t)) is normal with variance
0.32t = 0.09t.


